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Abstract: An ensemble of exciton Hamiltonians for the amide-I band of the folded and unfolded states of a
helicalâ-heptapeptide is generated using a molecular dynamics (MD) simulation. The correlated fluctuations
of its parameters and their signatures in two-dimensional (2D) vibrational echo spectroscopy are computed.
This technique uses infrared pulse sequences to provide ultrafast snapshots of molecular structural fluctuations,
in analogy with multidimensional NMR. The present study demonstrates that, by combining a method of
calculating the vibrational Hamiltonian from MD snapshots and the nonlinear exciton equations (NEE), it
may be possible to simulate realistic multidimensional IR spectra of chemically and biologically interesting
systems.

I. Introduction

The three-dimensional structure of proteins determines their
activity as enzymes, receptors, regulatory factors, and all other
functional elements in nature. The folding of peptides and
proteins from a random coil into their native three-dimensional
structure is therefore a process of fundamental importance in
molecular biology. A detailed understanding of protein folding
should also greatly facilitate pharmaceutical drug design.
Gaining insight into the folding process is a tremendous task
due to its complexity and the multitude of time scales on which
it occurs, ranging from nanoseconds for loop formation,
hydrophobic collapse, orâ-sheet formation to microseconds for
R-peptides to reach their native fold.1,2 A number of techniques,
including optical and infrared (IR) absorption, fluorescence,
NMR spectroscopy,3-5 small angle X-ray scattering (SAXS),6,7

and time-resolved Laue diffraction,8,9 have been used to study
the folding process in proteins and peptides. These methods
provide either indirect (e.g., NMR relaxation measurements) or
time-averaged (due to a nanosecond or longer detection window)
information about the structure and potential energy surface of
these complex biological systems along the folding path.

The present study focuses on the vibrational 1600-1700 cm-1

amide-I band in proteins which is commonly used to study
unfolding processes in temperature jump (T-jump) experiments

by ordinary one-dimensional (1D) IR spectroscopy.2 The band
originates from the stretching motion of the CO bond coupled
to in-phase N-H bending and C-H stretching. This mode has
a strong transition dipole moment and is clearly distinguishable
from other vibrational modes of the amino acid residues. An
early study of symmetric model peptides10 demonstrated that
the transition dipole coupling between CO stretching modes in
different peptide bonds results in a delocalization of the amide-I
states. These states can be described by vibrational excitons,10,11

using the Frenkel exciton model developed originally to treat
delocalized electronic12,13 and vibrational14-16 excitations in
molecular crystals and aggregates. The dependence of the
dipole-dipole coupling on the relative orientations and distances
of the interacting dipoles yields an amide-I band signature that
depends on the three-dimensional structure of the protein. The
different secondary structure elements occurring in proteins
result in characteristic amide-I signatures which form the basis
of polypeptide and protein structure determinations.17,18

Good agreement with experimental 1D spectroscopy has been
obtained for calculated absorption line shapes of a few mid-
size globular proteins with known structures, assuming dipole-
dipole coupling between the peptide groups.11 However, the
information content of these highly averaged 1D spectra is
comparatively low. The complicated three-dimensional structure
of proteins leads to overlapping bands that correspond to the
different secondary structural elements. These bands are ad-
ditionally inhomogeneously broadened by conformational fluc-
tuations of the secondary structure elements and by coupling
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to the local environment due to the solvent, yielding a highly
congested amide-I band.

Multiple pulse coherent spectroscopic techniques constitute
an effective remedy for this problem.19-22 Nonlinear-IR and
Raman techniques offer a broad range of novel types of
multidimensional experiments by varying time delays between
pulses, carrier frequencies, phases, and envelopes. Spreading
the signal in several dimensions by probing the various time
delays increases the resolution and decreases signal overlap, as
is widely known from multidimensional NMR.23,24 Multiple
pulse coherent experiments can also selectively eliminate certain
line-broadening effects. Furthermore they allow the employment
of techniques for background suppression and spectral editing,25

that is, suppression of neighboring peaks or certain classes of
peaks, in analogy with NMR spectroscopy.

The ultrafast nonlinear optical and vibrational spectroscopies
additionally provide detection on the femtosecond time scale
and have therefore the capacity to directly follow the elementary
events in the unfolding process in great detail and with high
time resolution.2,12,19-21,26-29 The multidimensional spectra
obtained from these new techniques are snapshot images of the
molecular geometry at different stages of the folding process.
Yet the structural information is not readily accessible. Similar
to NMR or EPR30 the information that is extracted from the
two-dimensional (2D) spectra consists of transition frequencies,
couplings, and line shapes that are determined by an effective
spectroscopic Hamiltonian. The effective vibrational Hamilto-
nian is directly related to the motion of the molecule, and its
structure is considerably more complex than that of a spin-1/2
Hamiltonian. It is therefore important to be able to compute
the respective Hamiltonian parameters from first principles,
especially for large systems where the spectra become compli-
cated and hard to analyze without microscopic modeling. In
this paper we present an approach that combines protein MD
simulations with a Hamiltonian parametrized in terms of the
peptide geometry to obtain a fluctuating exciton Hamiltonian
that explicitly depends on the geometries taken from an MD
trajectory.

In resonant multidimensional IR spectroscopies the excitation
pulses couple directly to the transition dipoles of the chro-
mophores. The lowest-order techniques which can be used in
noncentrosymmetric media consist of three pulses (Figure 7).
The two time delays between the three pulses plus the detection
time provide three-dimensional snapshot images of molecular
structure and its fluctuations. The simulation of the signal
requires the calculation of the third-order response function

which depends on the complete set of one- and two-exciton
states and their coupling to a thermal bath. The dynamics of
the one- and two-exciton manifold is most efficiently described
using the nonlinear exciton equations (NEE).31

We use the NEE to calculate the multidimensional vibrational
response of proteins in the amide-I region based on the
fluctuating exciton Hamiltonian for the 2D photon echo
(vibrational echo) technique, which has been analyzed in detail
for small simplified model systems.20 The use of an ensemble
of MD structures provides a microscopic model of the changes
in the chromophore transition frequencies and the interchro-
mophore couplings. This goes beyond commonly used simpli-
fied uncorrelated Gaussian diagonal and off-diagonal disorder
models for inhomogeneous broadening.20,32We will demonstrate
this by simulating the amide-I band spectroscopic signatures
of unfolding for an artificialâ-peptide. This peptide was chosen
since in a recent theoretical study33 it was found that a
considerable advantage over the naturally occurringR-polypep-
tides is that in MD simulations theâ-peptides fold on a
nanosecond time scale. The lower limit for proteins as well as
mostR-peptides to fold is believed to be microseconds, which
is orders of magnitude longer than the typically achievable MD
simulation times. Theâ-peptides therefore constitute very
promising model systems to study folding, unfolding, and
refolding of polypeptides. NMR experiments yield higher
unfolding temperatures than those found in the simulations,34

and a very recent MD study shows a dependence of the
unfolding temperature on the force-field.35 Ultrafast vibrational
spectroscopy has the capability to provide new information and
an independent direct view of the unfolding process.

In section II we introduce theâ-peptides, discuss some of
their properties, and present the MD unfolding simulation of
theâ-heptapeptide with the chemical structure shown in Figure
1. The vibrational Hamiltonian and a statistical analysis of its
parameters are given in section III. The 2D vibrational echo
spectra are presented in section IV and we conclude by a general
discussion in section V.

II. Molecular Dynamics Simulation of â-Peptides: Folded
and Unfolded Structures

Until recently it had been commonly assumed that computer
simulation of peptide folding under realistic conditions would
not be possible in the forseeable future. This paradigm has been
changed by the interesting class of artificialâ-peptides,33 studied
and synthesized by Seebach et al.36 These polypeptides are built
from syntheticâ-amino acid residues which have an extra
backbone carbon compared with the naturalR amino acids
(-HN-HCâR3-HCRR2-CO-, R2,3 being the side chains).
They can be synthetically tailored to adopt different secondary
structure elements, depending on the side chain composition
and position.37 The large class of secondary structure elements
found in â-peptides includes left- and right-handed 31 helices
with all carbonyl groups pointing either in the same direction
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or with alternating orientation, helices of 314 and 12/10 type,
parallel and antiparallel sheet structures, hydrogen-bonded 10-,
12-, and 14-membered rings, and, finally, turn motifs. In contrast
to naturalR-peptides, theâ-petides are resistant against degrada-
tion by proteolytic enzymes and have therefore recently attracted
much attention as potential peptide mimetics.37

The present study focuses on theâ-heptapeptide H-â3-HVal-
â3-HAla-â3-HLeu-(S,S)-â3-HAla(RMe)-â3-HVal-â3HAla-â3-
HLeu-OH. All side chains of thisâ-peptide are in position R3

except for residue number four, which is methylated at both R2

and R3 as can be seen from its chemical structure shown in
Figure 1. From the unfolding and refolding events observed in
a long (50 ns) trajectory of thisâ-heptapeptide in methanol,
Daura et al. inferred that both structures have equal probability
at 340 K where the free energy of folding vanishes.33 The same
group recently reported a dependence of the unfolding temper-
ature on the force-field parameters used and concluded that it
might be as high as 360 K35 which is in better agreement with
an NMR study.34

This system has several additional desirable properties. First,
MD simulations with the GROMOS96 force field38 were in
agreement with all available experimental NMR data without
the inclusion of artificial constraints. Second, although the
â-heptapeptide adopts a well-defined stable fold at 300 K, the
system does not represent a trivial folding problem. Each
â-amino acid residue has three degrees of freedom for backbone
rotation compared to two for anR-amino acid, making the
conformational search problem roughly equivalent to that of
anR-decapeptide. Third, as the commonly used force fields were
not developed forâ-amino acids, there can be no suspicion that
the force field used might have been artificially adjusted to favor
the experimental fold. Finally, methanol is, like water, a strongly
hydrogen-bonding solvent. Methanol has, however, a lower
density, making it a computationally less expensive solvent in
which to simulate folding. For these reasons the heptapeptide
in methanol is an ideal system for unfolding studies. It should
be noted that the simulated folding time scale is very sensitive

to the solvent and in particular to the modeling of solvent peptide
hydrogen bonding. A recent experimental study of an alanine
peptide in water39 found this time scale to be 2 orders of
magnitude slower than the simulation. The fast time scale
predicted forâ-peptides may therefore be changed with an
improved modeling of the methanol-peptide couplings.

The solution NMR structure40 was regenerated in CHARMM
from the available NMR data.40,41The structure found (structure
A in Figure 2) fulfills the NOE and3J-coupling constraints.
The molecule adopts a left-handed helix (hydrogen bonds
between residuesi and i + 2) consisting of three residues per
turn (31-helix), in which the amide CdO bonds point in the
direction of the N terminus. The rotamers of the side chains
were chosen at random. The end groups were protonated (-
NH3

+ and -COOH).41 All â-amino acids were created based
on their R-amino equivalents. The topologies and force-field
parameters were taken from CHARMM version 27.42

A cubic box of 952 explicit methanol solvent molecules was
built from a smaller equilibrated box of 119 methanol molecules.
The solvent box was centered around the origin, and the center
of mass of the peptide was translated to the origin. The peptide
was then inserted at the center of the box, and all solvent
molecules whose C- or O-atom were within 2.6 Å of any non-
hydrogen atom of the peptide were removed. After this
procedure the box contained 926 methanol molecules, and the
minimal distance of the peptide from the wall of the box was
13 Å. Periodic boundary conditions were applied, and the cutoff
range for nonbonded interactions was chosen to be 8-12 Å.
To relax the inner shell of methanol molecules surrounding the
peptide, the solvent molecules were minimized with all peptide
atoms held fixed. A second energy minimization of the entire
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P. H.; Krüger, P.; Mark, A. E.; Scott, W. R. P.; Tironi, I. G.Biomolecular
simulation: The GROMOS96 manual and user guide; vdf Hochschulverlag
AG an der ETH: Zu¨rich and BIOMOS b.v.: Zu¨rich, Groningen, 1996.

(39) Thompson, P. A.; Eaton, W. A.; Hofrichter, J.Biochemistry1997,
36, 9200.

(40) Seebach, D.; Ciceri, P. E.; Overhand, M.; Jaun, B.; Rigo, D.; Oberer,
L.; Hommel, U.; Amstutz, R.; Widmer, H.HelV. Chim. Acta1996, 79, 2043.

(41) Daura, X.; van Gunsteren, W. F.; Rigo, D.; Jaun, B.; Seebach, D.
Chem. Eur. J.1997, 3, 1410.

(42) MacKerell, A. D., Jr.; Bashford, D.; Bellott, M.; Dunbrack, R. L.,
Jr.; Evanseck, J. D.; Field, M. J.; Fischer, S.; Gao, J.; Guo, H.; Ha, S.;
Joseph-McCarthy, D.; Kuchnir, L. et al.J. Phys. Chem. B1998, 102, 3586.

Figure 1. Time-dependent backbone root-mean-square deviation
(RMSD) with respect to the NMR solution structure for theâ-hep-
tapeptide with the given chemical structure. The T-jump occurs att )
2 ns where the temperature is raised from 300 to 340 K (see text for
details).

Figure 2. Representative MD structures and single-snapshot vibrational
echo spectra for the folded A (NMR structure) and partially unfolded
B ensembles. The amide-I chromophores (amide groups with O in red
and N in blue) are counted, starting from the N terminus (at the bottom
of the structures).
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system without constraints was performed to eliminiate any
residual strain. The SHAKE algorithm43 was used to constrain
the bond lengths to their equilibrium values with a geometric
tolerance of 10-5. This allowed us to use a 2 fsintegration time
step, since it was not necessary to account for bond vibrations.
The heating, equilibration, and dynamics runs were performed
without any further structural constraints. After minimization
and equilibration in CHARMM42 a 12 ns MD trajectory was
generated, and snapshots of the structure were taken every
picosecond.

For the first 2 ns the temperature was kept at 300 K where
the solution structure is stable, in agreement with the result by
Daura et al. which was based on the GROMOS96 force field.41

To simulate a T-jump, the temperature was raised to 340 K
where both structures coexist with equal probability at time 2
ns by scaling the velocities in five steps over a total time of 2
ps. The time-dependent backbone root-mean-square deviation
(RMSD) of atom positions in residues 2-6 with respect to the
folded NMR solution structure is shown in Figure 1. A RMSD
of more than 1 Å (dashed horizontal line) was assumed to be
indicative of a partially unfolded structure. The peptide partially
unfolds 800 ps after the T-jump, starting from the N terminus,
as can be seen from structureB in Figure 2. It refolds again
and then unfolds more completely.

A set of 3300 structures was taken from the trajectory with
a 3 ps time step. This is longer than typical homogeneous
dephasing (T2) and vibrational relaxation times (T1) that have
been experimentally determined to be on the order of∼1 ps
for smallR-peptides.32 The snapshots can therefore be consid-
ered to be uncorrelated and may be used to model inhomoge-
neous line-broadening caused by fluctuations in the vibrational
frequencies of the chromophores and their couplings. A cluster-
ing algorithm described in Appendix A has been used to
generate nonoverlapping ensembles of folded and unfolded
structures. For a threshold of RMSDe 0.6 Å the algorithm
yielded 24 clusters. We have only considered the two largest
clusters which contain 1856 unfolded and 1020 folded structures,
respectively. The remaining clusters, containing between 1 to
∼100 structures, have been discarded.

III. The Fluctuating Vibrational Exciton Model

The application of a vibrational exciton Hamiltonian14-16 for
simulating the amide-I band was proposed in refs 10 and 11.
The dipole-dipole coupling of the amide groups undergoes
continuous changes due to the protein backbone fluctuations.
These fluctuations have been studied by MD simulations,44

NMR relaxation experiments,45,46 and by photon echo experi-
ments on spectroscopic probes embedded into the proteins.47,48

It is necessary to model these changes theoretically in order to
extract the related amplitudes and time scales from experi-
ments.32 Understanding the mechanisms of spectral difusion on
the experimental time scale requires a detailed knowledge of
the interaction of the chromophores with their environment.

In the following we present a parametrized excitonic model
Hamiltonian for the amide-I band that has been generated using
a MD trajectory. The heptapeptide is modeled as a system of

N ) 6 interacting chromophores representing theN peptide
bonds. Since we are interested in third-order spectroscopies, we
only need to consider the lowest three levels of each peptide
group. Thei’th peptide is modeled as a three-vibrational-level
system denotedS0

(i), S1
(i), S2

(i) with energies 0,εi, ε′i (see Figure
3). The only nonvanishing elements of the dipole operator
correspond to the transitions betweenS0

(i) f S1
(i) andS1

(i) f S2
(i)

and are denotedµi andµ′i, respectively andκi t µ′i/µi is their
ratio. For the exciton description of this model we introduce
the creation operators Bˆ i

†:31

The corresponding annihilation operator Bˆ i is given by the
hermitian conjugate of Bˆ i

†. The polarization operator which
describes the coupling to the driving field-E(t)P̂ is then given
by:

The harmonic part of the Hamiltonian can be represented in
the form of coupled harmonic oscillators:

with transition frequenciesεi and dipole-dipole couplingsJij.
The full Hamiltonian (see Appendix B) that describes the optical
response of the model contains in addition toĤ0 also an
anharmonic term that determines the doubly excited (two-
exciton) manifold, the coupling to the laser field, and the
coupling to the environment which will be introduced in the
next section.

In general, all parameters of this Hamiltonian depend on the
peptide conformation and the solvent dynamics and thus
fluctuate. In the present study we only included the fluctuations
of εi and Jij which are expected to dominate the spectra. All
other parameters were held fixed. The dipole moment ratiosκi

are taken to be time-independent and the same for all chro-
mophores. Settingκi ) x2 corresponds to a harmonic mode.
The anharmonicities∆ ) ε′i - 2εi (see Figure 3) are also taken
to be time-independent and the same for all chromophores. The
value of∆ ) -16 cm-1 is an estimate taken from experiment.49
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Figure 3. The three-level systems representing the peptide plane groups
in the exciton Hamiltonian. The levels in each systemi, j are denoted
S0, S1, S2 with energies 0,ε, ε′ and anharmonicity∆ ) ε′ - 2ε < 0.
The levels are shifted by hydrogen bonds to the carbonyl oxygen giving
rise to a fluctuating term∆ε. The only nonvanishing elements of the
transition dipole operator areµ andµ′ ) κµ, as indicated. The carbonyl
vibrations are dipole-coupled where the coupling matrixJij depends
on the local geometries. The couplings between different excited states
are given in Appendix B.

B̂i
† ) |1〉i i〈0| + κi|2〉i i〈1| (1)

P̂ ) ∑
i

µi (B̂i + B̂i
†) (2)

Ĥ0 ) ∑
i

εi B̂i
† B̂i + ∑

i*j

Jij B̂i
† B̂j (3)
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The couplings and transition frequency fluctuations were
obtained from the MD simulation of theâ-peptide. The excitonic
Hamiltonian was constructed for all 2876 peptide conformations
contained in the two main MD structure clusters. We have
assumed a point dipole coupling among the carbonyl vibrations.
The transition dipole-dipole coupling constants (i.e., the off-
diagonal elements of the one-exction Hamiltonian) are given
by:

whererbij is the vector connecting the two sites andnbij ) rbij/rij

with rij ) |rbij|. The magnitude of the transition dipole moments
(|µbi| ) 0.37 D) and the direction and effective location of the
individual point transition dipoles with respect to the peptide
group are taken from the model of ref 11. On each CO bond a
dipole lying in the peptide plane is placed 0.868 Å away from
the carbon atom forming an angle of 25° with the CO bond,
pointing toward the nitrogen atom of the peptide bond. Within
this point dipole approximation it is straightforward to account

for the statistical distribution of the off-diagonal coupling
elementsJij using the conformations from the MD trajectory.
The resulting distributions of all 15 coupling constants for the
folded and unfolded states are shown in Figure 4.

We have further taken into account fluctuations in the
vibrational frequenciesεi induced by hydrogen bonds to N-H
groups of other peptide groups within the same molecule. When
the oxygen of a particular peptide group is not hydrogen-bonded,
the monomeric amide-I frequencies (i.e., the diagonal elements
of the one-exction Hamiltonian) are chosen asεi ) 1655 cm-1.
It is well-established that hydrogen-bonding causes a red-shift
of the monomeric frequency.50,51This may be seen, for example,
in the difference between the peak position of deuterated
N-methylacetamide in D2O and in deuterated dimethyl-d6

sulfoxide, where the latter does not form hydrogen bonds.49

When the oxygen of a peptide groupi is hydrogen-bonded, the
monomeric amide-I frequencyεi is red-shifted by a value∆εi

which is linearly dependent on the Oi‚‚‚H distancedOH (given

(50) Krimm, S.; Reisdorf, J. W. C.Faraday Discuss.1994, 99, 181.
(51) Torii, H.; Tasumi, T.; Tasumi, M.Mikrochim. Acta Suppl.1997,

14, 531.

Figure 4. Histograms showing the distribution of the dipolar couplings as fractions of the total number of snaphots in the folded and unfolded
clusters, respectively.The ordinate range in all plots is from 0 to 0.25 probability. The histogram for theJ35 coupling (unfolded) was scaled by a
factor of 0.5 to fit in the same range as all other plots. The total distributions of the dipolar couplings as obtained from the 10 ns trajectory (Figure
1) can be generated by adding the folded and unfolded distributions in approximately a 1:2 ratio.

Jij ) 1

rij
3

(µbi‚µbj - 3(nbij‚µbi)(nbij‚µbj)) (4)
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in Å):

The value ofRH ) -30 cm-1/Å results in a frequency downshift
of ∼20 cm-1 for a typical hydrogen bond length of 1.9-2.0 Å.
A frequency downshift of this order was recently obtained by
ab initio calculations51 but it is smaller than that assumed in ref
50.

The existence of intramolecular hydrogen bonds was
determined using the Kabsch-Sander electrostatic energy
criterion:52

with the constantsq1 ) 0.42 e,q2 ) 0.2 e,f ) 332 e-2 Å kcal/
mol, and all distancesd measured in Å. The distances are
measured between the atoms of the CdO group of one peptide
plane and the N-H group of a different peptide plane. A
hydrogen bond is deemed to exist ifEKS gives a value less than
the cutoff-0.5 kcal/mol. A good hydrogen bond (linear,dON

) 2.9 Å) has about-3 kcal/mol binding energy. The angle
and distance approach is implicitly built into this method. The
formula corresponds to a maximum distance ofdON ) 5.2 Å
for in-line atoms and a maximum angle H-N-O of 63°. For
each carbonyl group the length of the strongest hydrogen bond
was then used to determine the shift∆εi from eq 5. The resulting
trajectory of the transition frequencies of the hydrogen-bonded
chromophores is given in Figure 5.

The average values and standard deviations of all vibrational
frequencies and couplings obtained by independently averaging
the one-exciton Hamiltonians over the ensembles representing

the folded and unfolded states are given in Table 1. The total
distributions of transition frequencies and couplings can be
clearly bimodal (e.g.,J25, J26, ε4 in Figures 4 and 5) or strongly
non-Gaussian (e.g.,J15, J35, ε6). The classification into folded
and unfolded structures lifts most of these asymmetries, and
the resulting distributions for each structure are mostly Gaussian
with the notable exception of parameters involving chro-
mophores at the chain ends. In particular the couplingsJ12 and
J14 involving the N-terminal chromophore still exhibit a bimodal
distribution. This is indicative of the more complete unfolding
that takes place in the trajectory aroundt ) 7.6 ns.

The average values and variances of the parameters of the
Hamiltonian (eq 3) for the folded and unfolded ensembles
provide a good measure for the effect of structural fluctuations
on the exciton Hamiltonian. We reiterate that the average values
and deviations should not be interpreted as parameters for
independent Gaussian distributions of diagonal and off-diagonal
disorder since the fluctuations in the frequencies and couplings
originate from the same changes in the peptide structure and
are strongly correlated (see Figure 6).

The average frequenciesεji of the hydrogen-bonded chro-
mophores 4, 5, and 6 of the folded peptide are red-shifted by
about 20 cm-1. This can be seen by comparing Table 1 with
the three-dimensional structure in Figure 2, in which the
hydrogen bonds between peptide planesi and (i + 3) are visible.
It also applies to chromophore 6 and mostly to chromophore 4
of the unfolded structure, while chromophore 5 is not hydrogen-
bonded in the unfolded state (see the trajectories in Figures 5
and 6). The average fluctuation of the transition frequency due
to hydrogen bonds is 5-10 cm-1 for hydrogen-bonded residues.
Average couplings between different chromophores are typically
in the range of-10-10 cm-1 with standard deviations ofσij

< 4.5 cm-1 for the folded ensemble andσij < 6.4 cm-1 for the
unfolded set. The couplings show a typical pattern due to the(52) Kabsch, W.; Sander, C.Biopolymers1983, 22, 2577.

Figure 5. Time dependence of the excitation frequenciesεi of the hydrogen-bonded chromophoresi ) 4, 5, and 6 and the resulting histograms
showing the distribution of frequencies as a fraction of the total number of snaphots. The bars at the unshifted (non-hydrogen-bonded) frequency
1655 cm-1 are cut off in the histograms ofε4 andε5. Their actual values are given next to the arrows.

∆εi ) RH(2.6- dOH) (5)

EKS ) fq1q2 ( 1
dON

+ 1
dCH

+ 1
dON

+ 1
dCH

) (6)
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helical structure of the peptide in the folded state with a large
negative value of approximately-9 cm-1 for the coupling
between peptide planesi and (i + 3). This changes during

unfolding where the (1, 4) and (3, 6) couplings persist, while
the (2, 5) coupling is replaced by (2, 6), as is evident from
Figures 4 and 6. This yields a strongly coupled subsystem of
chromophores 2, 3, and 6 giving rise to cross-peaks in the 2D
vibrational echo spectrum. The loss of the typical helical
coupling pattern induces clearly observable changes in the 2D
spectra as will be shown next.

IV. 2D Vibrational Echo Spectra

The lowest-order nonlinear-IR spectroscopy in non-cen-
trosymmetric media requires three pulses. In the photon echo
technique (see Figure 7) two of the three pulses are time-
coincident and only differ by their wave vector. The system
thus interacts with a single pulse with wave vectork1 at time
τ1 and twice with the pulse pair (k2 k′2) at timeτ2. The delay
between the single pulse and the pulse pair will be denoted
t1 ) τ2 - τ1. The resulting echo signal in the directionks )
k′2 + k2 - k1

21,53,54 is detected by mixing with an additional
heterodyne pulsekh at time τs. This gives the second time
variablet2 ) τs - τ2 of the 2D experiment. Heterodyne (time-
gated) detection yields the time-resolved signalS(t2, t1),
maintaining the information about its phase, that is, its real and
imaginary parts. In the following we assume that all three
incident pulses as well as the heterodyne pulse are linearly and
parallely polarized.

Closed expressions for the third-order nonlinear response
function which determines all 2 and 3 D spectroscopies for this

(53) Chernyak, V.; Wang, N.; Mukamel, S.Phys. Rep.1995, 263, 213.
(54) Zhang, W. M.; Chernyak, V.; Mukamel, S.J. Chem. Phys.1999,

110, 5011.

Table 1. Average Valuesεji and Standard Deviationsσi of the
Diagonal Elements of the Fluctuating One-Exciton Hamiltonian (See
Eq 3) and Average CouplingsJhij and Their Standard Deviationsσij

for the Folded and Unfolded State

Folded

i 1 2 3 4 5 6

εji 1655.00 1655.00 1655.01 1635.09 1643.38 1637.59
σi 0.00 0.00 0.31 5.94 10.61 6.63

j Jhij

1 6.41 0.80 -10.83 -2.10 -1.25
2 7.12 -3.49 -8.20 -3.12
3 1.35 0.23 -9.84
4 9.95 -0.96
5 2.24

j σij

1 4.47 1.98 1.39 1.00 0.50
2 3.51 2.54 3.34 1.21
3 4.03 1.99 1.80
4 3.07 3.41
5 4.52

Unfolded

i 1 2 3 4 5 6

εji 1655.00 1655.00 1655.00 1640.06 1655.00 1634.93
σi 0.00 0.00 0.00 9.18 0.10 4.46

j Jhij

1 3.62 1.99 -7.99 0.42 -2.42
2 8.30 -2.41 1.39 -9.20
3 -2.12 1.62 -9.73
4 7.78 0.39
5 2.40

j σij

1 6.32 1.16 3.01 1.96 0.51
2 1.61 2.61 1.09 1.75
3 2.64 0.29 1.50
4 0.90 4.13
5 2.25

Figure 6. Time dependence of the excitation frequencyε5 and the
couplingsJ25 andJ26. The strong geometric correlation between different
parameters of the Hamiltonian is clearly visible. The broken line in
the upper plot represents the snapshots that belong to the unfolded
ensemble.

Figure 7. (A) Pulse configuration and timing of the three-pulse photon
echo experiment. The first pulse (k1) is at timeτ1 followed by a pulse
pair (k2,k′2) at timeτ2. The echo signal atks ) k′2 +k2 - k1 is detected
by mixing it with an additional heterodyne pulse kh at time τs. The
time variables of the two-dimensional experiment aret1 ) τ2 - τ1 and
t2 ) τs - τ2. (B) Two-sided Feynman diagrams representing the|S(1)|
(left diagram) and the|S(2)| component (right diagram) of the vibrational
echo signal. The relevant states are labeled|g〉 for the ground state,|e〉
and |e′〉 for different first excited states and|f〉 for the two exciton
state (see appendix B).t1,t2 are the time delays between the pulses.
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model were derived in ref 31 by solving the NEE for the exciton
Hamiltonian introduced in section III. We assume that the
coupling to other vibrations and solvent modes conserves the
number of excitons and its effects are incorporated through the
dephasing rates of the single exciton and the two-exciton
transitions. In all our simulations we have taken them to beΓ
and 2Γ respectively. The corresponding expressions for the 2D
signals in the frequency domain were obtained in ref 54 by a
double Fourier transformation of the time domain signal:

This form is particularly useful for displaying structural
information in terms of cross-peaks, in analogy with 2D NMR.
In our simulations we have used the closed expressions for the
calculation of the 2D vibrational echo signals given in Appendix
E of ref 54. The total 2D signal is decomposed into two
contributions (eqs E1 and E2 of ref 54). The first component
S(1)(Ω2 Ω1) represents correlations between one-exciton states
described by the Feynman diagram (1) in Figure 7. The second
componentS(2)(Ω2 Ω1) is due to correlations between the one-
and two-exciton manifolds and is represented by the Feynman
diagram (2) in Figure 7. The individual componentsS(1) and
S(2) are not observable but are a useful theoretical decomposition
of the total signal that helps tracing the origin of specific features
of the 2D spectra.

The 2D vibrational echo spectra were calculated for different
values of the dephasing rateΓ. Two typical single-snapshot
spectra are shown in Figure 2 where an artificially small value
of 0.2 cm-1 was chosen for the homogeneous line-broadening
parameterΓ in order to resolve all diagonal and cross-peaks.
The analysis of these single-structure spectra can be performed
in analogy to that of the glycine dipeptide discussed in ref 20.
In the spectrum for the folded structureA two distinct diagonal
peaks are visible. The 1650 cm-1 peak can be attributed to the
chromophores 1-3 (counted from the N terminus of the peptide)
which are not hydrogen-bonded, as can be seen in the structure
displayed above the 2D spectrum. The 1637 cm-1 peak belongs
to the strongly hydrogen-bonded chromophores 4-6. These are
involved in the core of the 31 helix. The strong (i, i + 3)
coupling (see Table 1) gives rise to the cross-peaks between
the two diagonal peaks. The asymmetry is a result of the two-
exciton dynamics that only takes place after the first pulse and
that is governed by the anharmonic part of the total exciton
Hamiltonian. The spectrum of the unfolded structureB still
contains the two distinct diagonal peaks for the hydrogen-bonded
and the free chromophores.Yet the more complicated and
geometrically less well-defined structure yields a larger number
of weak cross-peaks that reveal the rich coupling pattern of the
six chromophores. The asymmetry due to anharmonicity af-
fecting the two-exciton dynamics is again clearly visible and
gives rise to strong peaks that are displaced by approximately
-10 cm-1 from the diagonal in the direction ofΩ2. This
anharmonic shift, which is smaller (in absolute magnitude) than
the anharmonicity∆ of the localized vibrations, indicates that
the observed peaks are of excitonic and not of localized nature.

The spectra of the unfolded and the folded set were then
averaged separately to account for structural fluctuations. The
resulting inhomogeneously broadened spectra for the folded
(unfolded) state are shown in Figure 8 top (bottom). The left
column in each panel displays the linear absorption for four
different values of the homogeneous broadening parameterΓ
) 0.2, 1, 5, 10 cm-1. The experimental homogeneous broaden-
ing in similar systems corresponds to a value ofΓ ≈ 5-10

cm-1.32 The linear absorption of the folded peptide consists of
a broad peak with maximum intensity at 1640 cm-1 that is due
to the hydrogen-bonded chromophores, and a small blue-shifted
shoulder caused by the free carbonyl groups. Unfolding yields
a second 1655 cm-1 peak due to the loss of hydrogen-bonded
helical structure of the peptide. This is in agreement with
experimental linear absorption studies of T-jump induced
unfolding processes in natural helicalR-peptides.17

The effects of realistic fluctuations of the excitonic Hamil-
tonian that are due to structural changes of the peptide are most
easily visible if the single-structure spectra in Figure 2 are
compared to the corresponding ensemble-averaged spectra with
the same choice of a small value of 0.2 cm-1 for the
homogeneous broadening parameterΓ. These spectra are
displayed in the top rows of both panels of Figure 8.

The total signal (|S(Ω1, Ω2|) for the folded structure consists
of one inhomogeneously broadened peak stretched along the
diagonal (Ω1 ) - Ω2) with a maximum centered around 1640
cm-1. The maximum is asymmetric and inhomogeneously
broadened along the anti-diagonal of the spectrum. It corre-
sponds to the strongly hydrogen-bonded and thus red-shifted
CO groups in the peptide planes 4-6. The broadening along
the diagonal is mainly caused by changes in the vibrational
frequencies due to hydrogen bond fluctuations. The free
chromophores peak is weak and overlaps with the diagonal
signal trace from the hydrogen-bonded sites. No cross-peaks
are visible after the averaging since the typical fluctuations
(Table 1) of the coupling elements are considerably larger than
the homogeneous line width.

This also applies to the real and imaginary part of the signal
(which may be observed separately using heterodyne detection),
given in the third column labeledR S(Ω1, Ω2) and the fourth
column labeledu S(Ω1, Ω2), respectively. The real component
exhibits the same features as the total signal and the antisym-
metric peak due to the anharmonicity of the system is resolved.
The imaginary part is less broadened than the total signal due
to its dispersive nature. As expected, the vibrational echo
technique refocuses the inhomogeneous broadening of the one-
exciton dynamics. This is clearly visible in the|S(1)|-component
which depends on the one-exciton dynamics only. The broaden-
ing of this component which is visible for very small homo-
geneous line width is due to unresolved couplings between the
chromophores. The|S(2)|-component cannot be completely
refocused in the echo experiment since it depends on the
coupling between one-and two-exciton dynamics. This compo-
nent is additionally broadened by the anharmonic contribution
which gives rise to a signal parallel to the main peak and
displaced from it by approximately-10 cm-1 in the Ω2-
direction. It is this contribution to|S(2)| which renders the total
signal nonsymmetric inΩ1 and Ω2 due to the fact that two-
exciton dynamics can only occur during thet2 period after the
initial pulse. It is clear that the peaks in the spectrum are of
excitonic nature since the anharmonic shift is again smaller than
∆. The calculation of one- and two-exciton energies for the
average Hamiltonians in Table 1 gives a range of 1625-1671
cm-1 for the one-exciton energies in the folded state and 3250-
3350 cm-1 for the two-exciton energies in the folded state (see
Table 2). The anharmonic shift is therefore compatible with the
excitonic structure of the system (see Appendix B).

The analysis of the top row of spectra in Figure 8 for the
unfolded peptide is similar to the folded case. The total signal
|S(Ω1, Ω2)| shows that the unfolding leads to the appearance
of a group of peaks around 1660 cm-1 and above, which
corresponds to free CO groups. These peaks are now well-

S(Ω2,Ω1) ) ∫0

∞
dt2 ∫0

∞
dt1 exp(i (Ω1t1 + Ω3t2))S(t2, t1) (7)
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resolved, and cross-peaks with the hydrogen-bonded groups are
visible even for the extremely small homogeneous line width
chosen in the first row of spectra. Most of the cross-peaks that
are resolved in the single-structure spectrum of Figure 2B are
not visible in the averaged spectrum. As for the folded case

this is due to the extremely small homogeneous line width in
comparison to the typical fluctuations in the couplings between
the chromophores. The weak cross-peaks from several different
single-structure spectra typically do not overlap since they are
very narrow and well separated in the 2D spectrum due to the

Figure 8. Averaged vibrational echo spectra for the folded and unfolded state. The signal intensities are given in arbitrary units, frequencies are
in cm-1. The 2D spectra are displayed withΩ1 on the abscissa andΩ2 on the ordinate. The four rows differ by the value of the homogeneous line
width parameterΓ which is from the top: Γ ) 0.2, 1, 5, 10 cm-1. The left column gives the linear absorption. The following columns show
successively the absolute value of the total signal, its real part, its imaginary part, the one-exciton contribution, and the two-exciton contribution,
as indicated. The individual components|S(1)| and |S(2)| are not observable but are a useful theoretical decomposition of the total signal that helps
analyzing specific features of the 2D spectra (see ref 54).
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coupling fluctuations. Taking the average over a large number
of spectra then reduces dramatically the intensities of all cross-
peaks (i, j) with coupling fluctuationsσij . Γ (see Table 1). A
few additional weak cross-peaks are visible in the real part since
it is slightly more broadened. The imaginary part of the spectrum
is less broadened and shows well-resolved anharmonic peaks
displaced parallel to the diagonal. The one-exciton component
|S(1)| is completely refocused and symmetric while|S(2)| exhibits
a strong asymmetry and large inhomogeneous broadening in
the Ω2 direction that is not refocused in the echo experiment.

The second rows of spectra in both panels of Figure 8 are
simulated with a homogeneous line width ofΓ ) 1 cm-1. This
value is still small compared to the experiment, but it provides
a good compromise between homogeneous broadening and
inhomogeneous averaging effects that allows to see more clearly
the spectral features discussed for the first row. The spectra are
still as well resolved as forΓ ) 0.2 cm-1 but with a larger line
width that is on the order of the coupling fluctuations (σij in
Table 1), the cross-peaks do not disappear upon averaging. This
is clearly visible in the case of the total signal and the one-
exciton component of the unfolded state which shows a set of
well-resolved cross-peaks between the free and the hydrogen-
bonded chromophores.

The experimental value of the homogeneous line width for
small helicalR-peptides is on the order of 5-10 cm-1.32 The
last two rows in both panels of Figure 8 show spectra withΓ )
5 and 10 cm-1, respectively. Preliminary experiments55 suggest
that the homogeneous broadening for a relatedâ-peptide is in
this range. The 2D vibrational echo exhibits a higher resolution
compared to the linear absorption signal even for large
homogeneous broadening. The broadened peaks are more clearly
resolved in the 2D spectrum, especially if the real and imaginary
parts of the spectrum are taken into account. The existence of
cross-peaks allows one to decide whether a strongly broadened
diagonal peak consists of two coupled individual signals or a
single resonance.

The 2D vibrational echo signals carry a much higher
information content than 1D techniques (linear absorption). The
cross-peaks also contain information about the molecular
geometry since the coupling strength depends on the relative
orientation of the transition dipoles. Nonlinear spectroscopy
additionally provides information about anharmonicities and
overtones which often have low intensity in linear absorption
spectra due to the small transition dipole moments for the direct

S(0) f S(2) transition. A generalization of the experiment
presented in this paper, which can also be described by the
present fluctuating exciton Hamiltonian, is the three-pulse echo
where a variable delayT is used between the second and third
pulse. This experiment has been discussed for dimers, and new
peaks have been predicted.56-58 The variation of the delayT
allows one to measure the time scales of vibration relaxation
processes directly. Additional information is obtained from the
phase of the signal by deploying its spectrogram (time- and
frequency-gated signal).59,60Photon echo spectroscopy refocuses
the inhomogeneous broadening of the one-exciton evolution and
therefore makes it possible to discriminate between homoge-
neous and inhomogeneous broadening contributions. Other
spectroscopic techniques will have to be developed that can also
overcome homogeneous broadening, making use of ultrafast
detection and coherence manipulation. These techniques could
strongly enhance the resolution achieved by vibrational spec-
troscopy of complex systems.

V. Conclusions

By combining MD simulation, a fluctuating exciton Hamil-
tonian for the amide-I band, and the NEE approach for the
calculation of 2D vibrational spectra we have computed 2D
vibrational echo signals with realistic structural fluctuations
beyond simple uncorrelated stochastic disorder. The advantage
of the NEE over a conventional sum over states calculation lies
in its more favorable scaling with the number of chromophores
N. The most demanding task in modeling the two-exciton
dynamics, the calculation of the exciton scattering matrixΓh,31,54

scales asN 2 which renders the total 2D signal calculation a
task of order∼ N 4. This is in contrast to a sum over states
calculation which requires the diagonalization of the two-exciton
Hamiltonian, which scales asN 4, thus making the signal
computation scale as∼N 6. This gain in computational efficiency
allows us to perform a large number of calculations based on
the geometries taken from an MD trajectory to account for
structural fluctuations by ensemble averaging over the MD
snapshots. The approach was applied to the unfolding dynamics
of a helicalâ-heptapeptide following a T-jump. The resulting
linear absorption spectra closely resemble experimental results
for helicalR-peptides for a reasonable choice of homogeneous
broadening. The 2D spectra contain additional geometric
information in the form of cross-peaks between hydrogen-
bonded and free carbonyl groups in case of the unfolded state.
The asymmetry of the spectra in the folded as well as the
unfolded state carries information about the two-exciton dynam-
ics and therefore about the anharmonicities of the amide-I
vibrations. The simulated spectra show that 2D vibrational echo
spectroscopy can probe the fast structural changes during
unfolding following a T-jump more easily than linear absorption
spectroscopy. This should make the measurement of the time
scales involved in the unfolding process more reliable. Revers-
ible unfolding and folding in an MD simulation has been
achieved for a three-stranded syntheticâ-sheet peptide,61 which
would be an interesting candidate to study with the present
approach.

(55) Hamm, P. Private communication.

(56) Piryatinski, A.; Chernyak, V.; Mukamel, S.Chem. Phys. 2001. In
press.

(57) Asplund, M. C.; Zanni, M. T.; Hochstrasser, R. M.Proc. Natl. Acad.
Sci. U.S.A.2000, 97, 8219.

(58) Zhang, W. M.; Meier, T.; Chernyak, V.; Mukamel, S.J. Chem.
Phys.1998, 108,7763.

(59) Meier, T.; Chernyak, V.; Mukamel, S.J. Chem. Phys.1997, 107,
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(60) Mukamel, S.J. Chem. Phys.1997, 107, 4165.
(61) Ferrara, P.; Caflisch, A.Proc. Natl. Acad. Sci. U.S.A.2000, 97,
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Table 2. One- and Two-Exciton Energies Obtained as Eigenvalues
of the Average Hamiltonians Given in Table 1 for the Folded and
Unfolded State

Folded
one-exciton energiesεji

1625.50 1633.24 1641.73 1649.09 1659.98 1671.51

two-exciton energiesεji

3249.51 3260.97 3269.87 3270.50 3281.48 3284.76
3288.00 3291.04 3297.18 3297.46 3301.00 3304.01
3306.70 3310.94 3315.27 3317.16 3319.49 3326.45
3328.82 3338.72 3349.89

Unfolded
one-exciton energiesεji

1628.63 1634.68 1646.57 1654.30 1659.77 1671.02

two-exciton energiesεji

3261.59 3263.75 3272.97 3285.13 3288.04 3292.74
3293.55 3295.99 3299.11 3302.01 3302.19 3308.71
3310.74 3310.88 3314.94 3318.47 3321.87 3322.18
3329.87 3336.70 3348.68
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The present Hamiltonian is based on several approximations.
First, the only term in the Hamiltonian that includes the effects
of the peptide geometry on the frequenciesεi is the hydrogen
bonding. Fluctuations of the vibrational frequencies caused by
local deformations of the peptide plane or by hydrogen bonding
to solvent molecules are neglected. Our present simulations thus
underestimate the effect of the local peptide plane geometry on
the spectra. In particular the differences between the vibrational
frequencies of different peptide planes that are due to the side
chain pattern of the peptide are neglected. These approximations
especially affect the inhomogeneous broadening of the unfolding
peaks which is underestimated in the current calculations since
it is solely caused by unresolved couplings. The substructure
of the unbonded peaks for small homogeneous line width may
be more difficult to resolve with a more realistic Hamiltonian
that also includes hydrogen-bonding effects to the solvent and
changes in the transition frequency due to local geometric
fluctuations.

Whether the dipole approximation for the off-diagonal
coupling elements is adequate for a quantitative description of
all spectroscopic features needs to be tested. These approxima-
tions may be relaxed by direct quantum chemical calculations
for all parameters of the vibrational exciton Hamiltonian for
each individual MD structure. This will also include couplings
due to nonlocal anharmonicities of the molecular potential
energy surface. Very little is known about the effects of these
contributions on multidimensional peptide spectra. A thorough
future examination of these effects is important for the
interpretation of experimental spectra.

Multidimensional IR spectroscopy has become an important
tool for studying fast protein folding and unfolding dynamics.
It is therefore necessary to classify the possible spectroscopic
techniques according to their information content and evaluate
their potential use for studying protein dynamics. The 2D spectra
presented here with realistic line-broadening parameters show
distinct signatures of the folded and unfolded states and allow
to follow the motions on the folding time scale. More elaborate
pulse sequences, the use of phase-locked pulses, and selective
isotopic substitution (N(15), C(13)) of peptide bonds may
provide much more detail and allow targeted assignments of
specific spectral features which are not possible using 1D
techniques. The calculation of the full third-order response based
on our microscopic model should allow us to simulate all
possible three-pulse experiments including relaxation and ex-
citon transport effects through the Redfield formalism. This
should allow devising three-dimensional experiments that will
yield all accessible information about the third-order response
which might not be easily extracted from a single 2D experiment
due to limited resolution and line-broadening effects.
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Appendix A: The Clustering Algorithm

We have used a clustering algorithm for classifying structures
generated by the MD simulations as folded and unfolded. It
consists of the following steps:

1. Choose a cut-off distanced.
2. Initialize the list of remaining structuresl to contain all

structures.
3. For each entry inl, determine all structures contained inl

that are within a backbone (residues 2-6) RMSD distance from
it that is lower than the thresholdd. These make up the entries
neighbor list.

4. Pick the entry froml with the largest number of neighbors.
This entry is a new cluster center.

5. Assign all neighbors of the cluster center to this cluster
and remove them from the list of remaining structuresl.

6. Repeat the steps starting from 3 until no structure remains
in l.

This procedure yields a set of distinct (mutually nonover-
lapping) clusters.

Appendix B: The Vibrational Exciton Hamiltonian

The full Hamiltonian that describes the optical response of
the system is:31,54

where Ĥ0 is given in eq 3 andgj ) 2(ε′jκj
-2 - εj) is an

anharmonicity parameter.
The one-exciton manifold is determined by the energies and

dipole-dipole couplings Jij. The two-exciton manifold is
determined by the anharmonicities∆i ) ε′j - 2εi and the dipole
moment ratiosκi. The bath HamiltonianĤphononand its coupling
to the chromophores is assumed to conserve the number of
excitons, and its effects are incorporated through the dephasing
rateΓ.

The one-exciton states and energies can be readily obtained
by diagonalization of the matrix representing the one-exciton
Hamiltonian hij ) δijεi + Jij. The two-exciton manifold is
obtained from the representation of the HamiltonianĤ in the
basis of all possible double excitations and is denotedh(2), which
is a Hermitian matrix. The double excitations can be separated
into two distinct classes, overtone excitations (OTE) Bˆ i

† B̂i
†|0〉

and collective excitations (CTE) Bˆ k
† B̂j

†|0〉 (i * j), where |0〉
denotes the global ground (vacuum) state of the system. ForN
chromophores there areN OTE andN(N - 1)/2 CTE states
yielding a total ofN(N + 1) double excited states.

The only nonzero matrix elements ofh(2) between doubly
excited states Bˆ k

† B̂l
†|0〉 and B̂k

† B̂j
†|0〉 (i, j, k, l ) 1, ..., N) are

given by:

Using the average values of the one-exciton Hamiltonian
matrix elementshij for the folded and unfolded state given in
Table 1, we obtain the one-exciton and two-exciton energies
given in Table 2. The possible cross-peak positions (-εi, ε′j
- εi) of peaks due to the Feynman diagram (2) in Figure 7B
are given by all combinations of one-exciton energiesεi (i ) 1,
..., N) and two-exciton energiesε′j (j ) 1, ..., N(N +1)/2).
These positions may be compared to the averaged spectra. Yet,
due to the nonlinearity of the spectroscopy, the spectra calculated
from average Hamiltonians will not be the same as the average
over the ensemble of spectra. This reflects the extra information
obtained from multidimensional techniques.

JA003412G

Ĥ ) Ĥ0 + ∑
j

gj

2
(B̂j

†)2 (B̂j)
2 + Ĥphonon- E(t)P̂ (B1)

κi
2 (εi +

gi

2) if i ) j ) k ) l (B2)

κiJik if i ) j ) l * k (B3)

εi + εj if i ) k * j ) l (B4)

Jik if i * j ) l * k and i * k (B5)
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